The elastic displacement and stress fields due to rectangular faults and opening-mode fractures within an anisotropic homogeneous half-space are derived in this paper. The solution is expressed in terms of the mathematically elegant and computationally powerful Stroh formalism and can be applied to the generally anisotropic half-space or a transversely isotropic half-space with any oriented isotropic plane. For any flat fault or opening-mode fracture of polygonal shape, one needs only to carry out a simple line integral from 0 to π in order to express the fault-induced response. Numerical examples are presented to demonstrate the effect of the anisotropy and fault orientation on the internal and surface responses of the half-space. Our results prove that both rock anisotropy and fault orientation could dramatically change the fields in the domain and one needs to consider these properties as accurately as possible to be able to predict the response in the domain precisely. Anisotropy of the rock mass may alter the dominant displacement and stress components at observation points in the model domain as compared to the isotropic case.
In this paper, we use the point-force Green's function in Stroh formalism (Pan & Chen 2015) to derive the line-integral expressions for the elastic displacement and stress components in a 3-D AE half-space due to rectangular strike-slip/dip-slip faults and opening-mode fractures (or tensile faults). Numerical examples are presented to verify the results with the solutions of Pan et al. (2014) and Molavi Tabrizi & Pan (2015) for the transversely isotropic case where the plane of transverse isotropy is parallel to the free surface, and to investigate the effect of material and fault orientations on the internal and surface responses. This paper is organized as follows. Section 2 is divided into three parts. In the first part, the problem geometry, basic expressions for the constitutive equations, the transformation relations for the Burgers vector and material properties for an AE medium are described. In the second part, the point-force Green's functions and the displacement and strain distortions due to the dislocation loops are studied. In the third part, we derive the line-integral expressions for the elastic fields including displacements and strains. In Section 3, the proposed integral expressions are applied to calculate the elastic displacement and stress fields due to a strike-slip, dip-slip and tensile (or opening-mode) discontinuities in a half-space made of transversely isotropic clay shale (Molavi Tabrizi & Pan 2015) and of AE quartz (Svitek et al. 2014) . The effects of material orientation on the internal and surface responses are also described in this section. In the last section, results are summarized, followed by concluding remarks.
P RO B L E M D E S C R I P T I O N A N D A N A LY T I C A L S O L U T I O N S

Problem geometry and constitutive equations
We assume a fault of rectangular shape in an AE half-space. The geometry of the problem is shown in Fig. 1 and is similar to Okada (1992) , Pan et al. (2014) and Molavi Tabrizi & Pan (2015) . The fault is locally described by its strike-slip, dip-slip and opening components denoted by U s , U d and U t , respectively. Each component represents the movement of the hanging wall relative to the foot wall of the fault. The strike Figure 1 . Geometry of a rectangular fault with three types of discontinuities U s , U d and U t in an AE half-space (with x 3 = 0 being the free surface). The strike direction and dip angle of the fault are represented by φ f and δ f , respectively. The geometry of the fault in the space can be represented by L, W, the coordinate of point x A (x 1A , x 2A , x 3A ) in the global coordinate system and the angles φ f and δ f . The half-space can be made of TIE rock with inclined orientation described by two angles φ m and δ m or made of the rock mass of general anisotropy. The observation point (or field point) is x p (x 1p , x 2p , x 3p ) and the observation plane (or field plane) on the free surface of the half-space is the rectangle bounded between x left ≤ x 1 ≤ x right and x bot ≤ x 2 ≤ x top . These observation point and plane/surface are all field points which are used in the numerical examples. direction and dip angle of the fault are denoted by δ f and φ f , respectively (with subscript 'f' for fault). A global Cartesian coordinate system is attached to the half-space so that the x 1 −x 2 plane is the free surface and x 3 ≤ 0 is the problem domain. The rock mass can be of general anisotropy (Svitek et al. 2014) or of transverse isotropy (Ramamurthy 1993; Nasseri et al. 2003) in which case any orientation of the plane of transverse isotropy with respect to the global coordinates can be described by two angles: an azimuth φ m measured in the horizontal plane and an inclination or dip angle δ m (with subscript 'm' for material). Thus, for the TIE half-space case, the following relation between the local material coordinates (m 1 , m 2 , m 3 ) and global coordinates (x 1 , x 2 , x 3 ) can be applied to find the material property in the global coordinates:
where the matrix K is given in Appendix A, and the superscript 't' denotes matrix transpose. Eq. (3) can be used for any TIE rock mass with arbitrary orientation to calculate the elastic stiffness matrix c in the global coordinates (x 1 , x 2 , x 3 ). This equation applies not only to TIE materials, but also to generally AE materials in a local coordinate system such as LS tectonites (Ramamurthy 1993; Nasseri et al. 2003) , provided that the values of the coefficients in the local matrix c m are available. Following a similar transformation as in eq. (1), the local displacement discontinuity components (U s , U d , U t ) on the fault need to be transformed to the global coordinate system as (
From now on, we utilize the fourth-order elastic stiffness tensor c ijkl for easy presentation. The relation between the fourth-order tensor c ijkl (i, j, k, l = 1, 2, 3) and the stiffness matrix elements c pq (p, q = 1-6) in Voigt notation is such that {ij} = (11, 22, 33, 23, 31, 12) in c ijkl corresponds to {p} = (1, 2, 3, 4, 5, 6) in c pq . Similar correspondence holds for indices {kl} in c ijkl and {q} in c pq . Thus, using the fourth-order stiffness tensor, the constitutive relations and the equilibrium equations without body force can be expressed in terms of the elastic displacements u k as,
where the subscript prime followed by index l (li) indicates the first (second) derivative with respect to the coordinate x l (x l and x i ). Furthermore, the following boundary conditions in the global coordinates should be satisfied (for j = 1, 2, 3),
where n + i and n − i are the outward normal of both sides of the fault surface S as shown in Fig. 1 , and b i is the uniform dislocation across the surface.
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Displacement and strain distortions
We first apply Betti's reciprocal theorem to two sets of half-spaces of the same material properties: One corresponds to the unit point force in k-direction located at y and the other to the dislocation described as in eq. (7). Displacement components induced by the dislocation (or fault) can then be described as follows Pan & Chen 2015) ,
where σ k i j ( y; x) represents the half-space Green's stress σ ij at x induced by a unit point force in k-direction applied at y. The parameter b j is the j-component of the Burgers vector and n i = n − i = −n + i is the i-component of the normal vector of the fault surface S (Fig. 1) . Making use of the constitutive equation (eq. 5), the fault-induced displacement components can be expressed as follows,
where G mk (y; x) represents the half-space Green's displacement in the m-direction at x induced by a unit point force in the k-direction applied at y. Eq. (9) connects the fields of the dislocation (or fault) to that of the point force in the half-space. Therefore, once the solution to the point-force Green's function is obtained, the corresponding dislocation (fault) problem can be solved. For completeness, the required point-force Green's functions are briefly presented in Appendix B following Pan & Yuan (2000) . Upon substituting eq. (B17) in Appendix B for the point-force Green's functions into eq. (9) and exchanging the integral orders, the displacements induced by the dislocations b j can be found as,
where p * , A, P, H are listed in Appendix B, superscript 't' denotes the matrix transpose and overbar indicates the conjugate of the complex matrix. We point out that the eigenvalues p * and eigenmatrix A are independent of the field/source points, a useful feature which aids in finding the derivatives of the displacements with respect to the field/source points and the integration of the induced fields over the fault surface S. In order to find the induced strain (displacement gradient) distortion components, we take derivatives of u k with respect to y q , which yields,
Since the eigenvalue p * and eigenvector matrix A are only functions of θ, the induced displacement and strain distortions can be expressed, alternatively as,
In deriving eqs (12) and (13), we have assumed that the half-space is homogeneous and that the fault surface is flat and the dislocation is uniform. The four functions with superscript S in these equations are defined as follows,
Therefore, in order to find the displacement and strain distortions due to a finite discontinuity, we only need to calculate the four integrals in eq. (14). This is presented below.
Analytical integrations of matrices P and H over a flat fault surface
In order to carry out the integral over a flat fault surface, we first introduce g i (θ) and s i (θ) as below,
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Referring to the expressions for matrices P and H in Appendix B, the integrands in eq. (14) can be expressed as,
where δ kj is the Kronecker delta, B is the other Stroh eigenmatrix introduced in Appendix B, and repeated indices m and n take the summations from 1 to 3. We define the flat fault surface using a general polygonal shape, with the rectangle being a reduced case prescribed in this paper. In order to find the exact closed-form expressions of the matrix functions defined in eqs (16) and (17), we first express those function in terms of their indices as,
Since the integral parts in P-functions are the special cases of those in H-functions (s n = g n ), we only present the detailed methodology to carry out the integrals associated with the H-functions over a rectangular fault surface. The involved surface integrals can be converted into simple line integrals. To achieve this, we introduce a local coordinate system (x 0 ; ξ 1 , ξ 2 , ξ 3 ) where its origin x 0 is a point within the fault surface. While the two orthogonal axes ξ 1 and ξ 2 are in the fault plane, axis-ξ 3 is along the normal direction n of the fault plane ( Fig. 1) . We substitute variable x in eq. (18) by the following coordinate transformation,
This yields the following integral expressions for the H-functions in eq. (18).
To find the integrals of eq. (20), we introduce the following function (for n = 2 and 3), as described in and ,
This gives,
where L in the last two expressions represents the line integral along the dislocation loop (e.g. along the sides of the rectangular fault depicted in Fig. 1) . Therefore, the area integrals of the H-functions in eq. (18) can be converted into the following line integrals along the dislocation loop as,
Similar expressions can be found for the P-functions in eq. (18),
The corresponding line integrals in eqs (23) and (24) can be carried out for a straight line segment in the dislocation plane (ξ 1 , ξ 2 ). We assume that the straight line segment starts at point ξ
2 ) along the positive dislocation loop direction. Any point along the line AB can be expressed in terms of the following parameter t (0 ≤ t ≤ 1),
Integrating eqs (23) and (24) along the straight line segment, we find,
Note that for the straight line segment which is along the local ξ 2 -axis, one can simply redefine eqs (21) and (22) so that the line integral is along ξ 2 . For this case, eqs (26) and (27) still hold, except that one simply needs to replace d m2 by d m1 in the denominator of the first fraction and ξ
2 in the numerator of the second fraction. In summary, for a straight line segment of the dislocation loop in a generally AE half-space, we have obtained the analytical solutions of the fault-induced displacement and strain distortion fields. The solutions are expressed by simple line integrals from 0 to π . Furthermore, the solution contains two parts: the first part associated with the P-function representing the solution in the corresponding full-space and the second part associated with the H-function representing the so-called image contribution. The image part is introduced to satisfy the traction-free boundary conditions on the surface of the half-space. For a flat rectangular fault, the fields need to be only added from all four straight line segments together.
N U M E R I C A L E X A M P L E S A N D D I S C U S S I O N
Numerical examples are conducted to validate our solution and to discuss the potential effects of anisotropy and fault orientation on the elastic fields. In the presented example, we investigate the effect of material orientation on the fixed fault-induced displacement and stress fields. Another example is presented in Appendix C where we investigate the effects of fault orientation on the elastic fields. The geometric parameters of the problem are shown in Fig. 1 and the rock material properties are listed in Table 1 . Two different materials are considered in the numerical examples: TIE clay shale similar to Molavi Tabrizi & and AE quartz similar to Svitek et al. (2014) . Table 1 . Parameters and non-zero elastic stiffness coefficients for TIE clay shale and AE quartz used in the numerical examples. The geometry of the problems is illustrated in Fig. 1 Corresponding to Table 1 , we also present below the TIE clay shale and AE quartz elastic properties in terms of their stiffness matrices based on the Voigt notation: 
We further point out that for the TIE clay shale, we have the following values of its engineering material coefficients: E = 14.5121 GPa, E = 3.9657 GPa, ν = −0.6899, ν = 0.4560, G = 10.9 GPa and G = 23.4 GPa. In the following numerical example, we investigate the effect of material anisotropy and orientation on the displacement and stress fields. The fault angle is fixed, that is, φ f = 0, δ f = 40
• . The material orientation is fixed for one angle, that is, φ m = 0, but with δ m varying from 0 to 360 • (Fig. 1) . The displacement components, mean normal stress (σ h ) and effective stress (σ e ) at the fixed point (x 1p , x 2p , x 3p ) = (25, 15, −5) km are presented in Fig. 2 . We also plot the maximum shear stress (τ m ) since it is the major component in the Mohr-Coulomb failure at University of Texas at Arlington on October 7, 2015 http://gji.oxfordjournals.org/ Downloaded from Table 2 . Displacement components (in mm) due to strike-slip, dip-slip and opening-mode (or tensile) fractures in the TIE half-space made of clay shale. δ m varies with the step of 30 • from 0 to 180 • . The displacement components for AE quartz are presented for comparison. The material angle (δ m ) in which the maximum of the displacement components occurs in the TIE clay shale for three different types of fault is also presented here. The displacement components are calculated at the observation point (x 1p , x 2p , x 3p ) = (25, 15, −5) km. Here, φ f = φ m = 0 and δ f = 40 • . 
Material
where σ 1 , σ 2 and σ 3 are the principal stress components. The top row in Fig. 2 shows the displacement components due to different types of discontinuity and the bottom row shows the stress metrics. It can be observed that (1) the results are π -periodic; (2) Table 2 . The stress metrics and the corresponding angles to the maximum/minimum stress values are also presented in Table 3 under the same condition. As a validation for our solution, we compared the results at δ m = 0 to the one presented by Pan et al. (2014) for a fault in a TIE half-space. The results are in exact agreement (the three values on the axis of δ m = 0 are the same as those in Pan et al. 2014) . Furthermore, the displacement components and stress metrics for different types of faults in an AE quartz are presented in Tables 2 and 3 The foregoing results clearly show that for fixed fault orientation angles φ f = 0 and δ f = 40 • , the displacement and stress fields are considerably influenced by the material orientation if the material is substantially anisotropic. These results have significant implications for studies that rely on surface displacements for constraints on the displacement discontinuity on geologic faults and fractures at depth if the rocks are systematically anisotropic.
C O N C L U S I O N S
We derived the analytical solution for displacement and stress fields due to strike-slip, dip-slip and opening-mode (tensile) faults in an AE half-space. The material can be of general AE or TIE with any oriented plane of symmetry. The point-force Green's function in the Stroh formalism are utilized to derive line integrals for the elastic displacement and stress components in a 3-D AE half-space due to rectangular strike-slip, dip-slip and opening-mode (tensile) discontinuities. Numerical examples are presented, first to verify our results and second to investigate the effect of material anisotropy on internal and surface responses. An additional example is presented in Appendix C to demonstrate the effects of fault alignment on the internal fields. Our numerical results showed the following interesting features:
(1) For a fixed fault geometry, rotating the material axes can significantly affect the displacement and stress responses in an internal point as well as on the surface of the half-space. Thus, adjustment of material orientation can be used as a tool to switch the sign and potentially the dominant displacement and stress component. This important feature can lead to a complete different displacement discontinuity source as inferred from remote displacement, strain, or stress measurements.
A P P E N D I X A : M AT E R I A L P RO P E RT I E S T R A N S F O R M AT I O N M AT R I X
The matrix K in eq. (3) can be expressed as
where 
and a ij are the coordinate transformation coefficients between (x 1 , x 2 , x 3 ) and (m 1 , m 2 , m 3 ) as defined in eq.
(1).
A P P E N D I X B : P O I N T -F O RC E G R E E N ' S F U N C T I O N S I N A N A N I S O T RO P I C H A L F -S PA C E
Point-force Green's functions in an AE half-space (in the low half-space) can be derived following Pan & Yuan (2000) for the Green's functions in the corresponding bimaterial space. Here we briefly derive the half-space Green's functions directly for easy reference. We remark that in this Appendix B, symbol 'i' is exclusively used for the imaginary sign of the complex variable. In other words, i = √ (−1). We consider that the body force f(x j ) is a point force as f k δ(x 1 )δ(x 2 )δ(x 3 −y 3 ) applied at source point (0, 0, y 3 < 0) in a homogeneous and AE half-space (x 3 ≤ 0). We divide the half-space into two domains separated by the plane at x 3 = y 3 (i.e. one domain defined by x 3 < y 3 and the other by y 3 < x 3 ≤ 0). We then apply the 2-D Fourier transforms to the system. In the Fourier-transformed space, the far-field condition at infinity and the condition at the source level x 3 = y 3 become (for j = 1, 2, 3)
where the displacements and stresses are in the Fourier-transformed domain. For instance, the displacements in the Fourier space are defined as
Here and hereafter, repeated Greek symbols α and β take summation from 1 to 2. It can be shown that in any domain without any source, the equilibrium equation (eq. 6) in the Fourier domain becomes
It follows immediately that the general solution of eq. (B3) can be expressed as
where p and a are the eigenvalue and eigenvector of the Stroh eigenrelation as follows (Ting 1996) : 
where the superscript 't' indicates the matrix transpose, and the repeated indices q, s take the summation from 1 to 3.
Downloaded from
We point out that both matrices P (P kj ) and H (H kj ) depend on the source and field points y j and x j as well as the variable θ. Replacing the point-force vector f in eq. (B14) respectively by (1, 0, 0) t , (0, 1, 0) t and (0, 0, 1) t , we then have the following point-force Green's displacement tensor in terms of its elements as
where G mk (y; x) represents the half-space Green's displacement in the m-direction at x induced by a point force of unit magnitude in the k-direction applied at y. It is observed that the Green's function solution for the displacement contains two parts. The first part (related to the matrix P) corresponds to the Green's function in the full-space, while the second part (related to the matrix H) is the image one, which is induced by the free surface of the half-space. It is also noted that while the full-space Green's function depends only on the relative distance of the field and source points, the image one depends on both the vertical field and source coordinates, even though it depends only on the relative horizontal distance of the field and source points.
A P P E N D I X C : I N F L U E N C E O F FAU LT O R I E N TAT I O N O N D I S P L A C E M E N T A N D S T R E S S F I E L D S
In this numerical example, we fixed the material orientation while changing the fault angles. We fix the material angles at φ m = 0, δ m = 0, and also fix one of the fault angles φ f = 0, but rotate δ f from 0 to 360
• . The results for the displacement components, mean normal (σ h ), effective (σ e ) and maximum shear stress (τ m ) at internal point (x 1p , x 2p , x 3p ) = (25, 15, −5) km are shown in Fig. C1 . By comparing Fig. C1 with Fig. 2 , one can deduce that the responses due to fault with different orientations are not π -periodic but 2π -periodic. This is true since the location of the observation point is not placed on any symmetry axes of the fault. Similar to the case under different material orientations, the maximum/minimum values of the displacement and stress metrics occur at different angles. Note that when δ f = 40 • , this example will be identical to the first example with δ m = 0 and also to the solution presented by Pan et al. (2014) . The displacement components at the observation point for every 30
• are presented in Table C1 . The corresponding fault angle to the maximum of these components is Figure C1 . Top: displacement components u 1 , u 2 and u 3 (in mm) at fixed internal point (x 1p , x 2p , x 3p ) = (25, 15, −5) km due to (a) strike-slip fault, (b) dip-slip fault and (c) opening-mode (tensile) fault in TIE clay shale. Bottom: mean normal stress (σ h ), effective stress (σ e ) and maximum shear stress (τ m ) (in kPa) due to (d) strike-slip fault, (e) dip-slip fault and (f) opening-mode (tensile) fault at fixed internal point (x 1p , x 2p , x 3p ) = (25, 15, −5) km in TIE clay shale. The geometry and parameters of the problem are presented in Fig. 1 and Table 1 . We fixed the material orientation at φ m = 0, δ m = 0 but rotated the fault angle δ f from 0 to 360 • (with fixed φ f = 0).
http://gji.oxfordjournals.org/ Downloaded from Table C1 . Displacement components (in mm) due to strike-slip, dip-slip and opening-mode (tensile) faults in the TIE half-space made of clay shale. δ f varies with the step of 30 • from 0 to 360 • . The displacement components for AE quartz are also presented for comparison. The fault angle (δ f ) in which the maximum of the displacement components occurs in the TIE clay shale for three different types of fault is further presented here. The displacement components are calculated at the observation point (x 1p , x 2p , x 3p ) = (25, 15, −5) km. Here, φ f = φ m = δ m = 0. 
